: Schematics of two cells crawling on the substrate. The shape of cells are described by the order parameter ρ. Cells migrate with the velocity V. p and A are averaged actin polarization and concentration of adhesive ligands respectively, and u is the substrate displacement.
The phase field ρ i of the i th cell is governed by
where · = · dx dy denotes the integral over the whole computational domain. The first line of Eq. (S1) is the single cell model as discussed previously [1] [2] [3] and the second line contains cellcell interactions. The two first terms on the r.h.s. describe the phase field interface: the first term with Laplacian ∆ defines the interface width proportional to D ρ , the second term denotes the restoring force of the phase field potential. The feedback implemented via the parameter δ accounts for volume conservation (second term in Eq. (S2), with stiffness µ) and acto-myosin contractility (via parameter σ). The third term on the r.h.s. describes the main propulsion mechanism of the cell: the interface is advected along the mean actin orientation -provided that polymerizing actin p is present and linked to the substrate via adhesive bonds A. Summing up cell-cell adhesion from all cells, this amounts to the last term in Eq. (S1).
The actin polarization is modeled as previously 3 , except that now the phase fields of all cells contribute:
In order of appearance, the terms on the r.h.s. describe diffusion/elasticity of actin, creation of actin at the cell membrane with polymerization rate β, depolymerization with rate τ 1 , a term responsible for a front/tail asymmetry induced by myosin motors with parameter γ as derived in 1 ,
and suppression of actin outside of all cells. In the second term on the r.h.s, we again used the
to prevent excessive creation of p due to steep phase field gradients.
The cell-substrate adhesion bonds are modeled as previously
In order of appearance, the terms on the r.h.s describe: i) diffusion, ii) linear attachment of the cell to the substrate with rate a 0 , iii) nonlinear attachment with rate a nl due to collective adhesion effects motivated by the fact that it is easier to form a bond if another one exists close-by, iv) detachment, with a rate modeled via a step-like detachment function d u = d (|u|), which is nonzero when the substrate displacement exceeds a threshold, and v) an excluded volume term, implementing saturation of A.
Finally, the substrate is modeled as a viscoelastic solid (Kelvin-Voigt model) in thin layer approximation, with the displacements u governed by
Here G is the elastic (shear) modulus of the substrate and η its viscosity.The vector field T with two vector components is the sum of the traction force T i exerted by each cell
The first contribution is the negative of the actin propulsion force and the second one is associated to friction 3 . Note that the integral of the traction force T i over the whole computational domain of each cell is zero, T i = 0, as it should be.
In conclusion, the cells interact via repulsion with parameter λ, cell-cell adhesion with parameter κ, and the complex but short-ranged interaction mediated by the substrate.
Supplementary Notes 2. Numerical solution and analysis
To solve the equations numerically, we use a highly parallel algorithm implemented on GPUs using 
Supplementary Notes 3. Parameters of the model
A list of the parameters of the model, their standard values used in numerical simulations, and a description of the associated physical effects can be found in Table S1 . In addition, the stiffness of the volume constraint was fixed at µ = 0.1, actin suppression outside of cells at τ Although there is a large number of parameters, the model is not sensitive to all of them. This is 
